Theta Logarithms & Exponents 2013 MA® National Convention

1. There are 50 grams after the first 5730 years and 25 grams after the second 5730 years.

2. The population doubles every two days. A million-fold growth is approximately 20
doublings (2*° ~10°). Therefore, it takes 40 days to increase to a million-fold.

2 =16

2°=32

2° =64

2" =1024 = 2%° = (1024)°
3. The units digit repeats after 4 iterations. When we divide 2013 by 4, the remainder is
1, so 3”"" has the same units digit as 3'.
3°=1
3'=3
3*=9
3’ =27
3* =81

4, f(0)=a-2"=5soa=>5.

f(3)=5-2" =2042
2 =442
93 =\/3_2
2 = (2)

3b=

b:

Nl |

5. Since the rectangle lies in the first and second quadrants only, the width is 2x. The

height is e sotheareais A=2x-e™
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6. Using log rules,

lnixs/—;il = ln(x2 +3)z —ln[x-(x2 +1)y3}
XA X"+

=2 ln(x2 + 3)— [ln X + ln(x2 + 1)%}

=2 ln(X2 + 3)— In X —%ln(x2 + 1)

1_1
10

r=10

r’ =1000

8. Definition of an exponential function

9. log, x+log,(x+6)=4
logz(x(x + 6)) =4

x(x+6)=2*
x> +6x=16
a+b+c=0
10. Points on fare (1,0),(2,1),(4,2) so the system of equations is <4a+2b+c=1 .
l6a+4b+c=2
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11. Using P = Pe", set up the equation as

7200 = 1800
4 — e0404t
In4 = 0.04t
21n2 = 0.04t
2-0.693 ~ 0.04t
t = 35days

12. 4'.42%.43_ 410 _ 4(1+2+3m100) — 45050 Therefore,

100
logm{HN] =108, (45050)2 5050-1og,y,, 4 = 5050- 10g1024(1024%j = 5050% =1010
j=1

13. Itshould be s(t) =10(1.05)"

14. 1.0+1+16+81+...+4100000000=1+16+81+...+4100000000. True

100
II. ) 2=202#200 False

=0

II. 2+3+4+..+4102 = 5252 # 2 + (0+1+2+...4100)=5052 False
IV. 449+16+...+10201 # 0+1+4+9801 False

V. 0+1+8+27+...+41000000 # 50503 False

15. 2log3(x—2y): log, x+log, y

log3(x—2y)2 =log, xy
(x=2y) =xy

X —5xy+4y> =0
(x—4y)Xx-y)=0
X=4y or X=Y

524 or 5:1
y y

However, L is not allowed by 10g3(x - 2y)
y
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16. 1. True. Let x=b”. f(x)=1log, x so by substitution, f(X)=1log, b’ =y

1~ 1Y’
— y _ -y — — 1 1 = — = —
Let x=(b)) =) = (b} gy log% X so by substitution, g(x) log%(bj y.

II. True. f(x)=1log,x=y< x=b”.If x=1then y=0.

y
g(x):log%x:y@(%j =X. If x=1then y=0.

[II. False. f(x)=log,x=y< x=0b’. If y=1 then x=Db.

y
However, g(X)=log, X=y < x= 1) 2 b') =b™. If y=1 then x=-b.
b b

IV. True. See graph

V. True. f and g pass the horizontal line test.

17. 1568 =2°.77
M log s 7+ Alog,s(s 2=T
10g1568(7'v| -2A)=T
M .2% =1568"
™A= (7.2
M 9A _ 72T ST
M =2T
A=5T

Since M, A, T have no common factors greater than 1, M=2, A=5, T=1.
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log, x log,x 1 IRy
18. log .. X= 2 =227 —___.Jog, X=|—| -log, X
gz( ) logz 22n 2n 2n gZ (2j g2

ShOIT

8= l+l+l+ -log, X
2 gy

8 =log, X
2% =x
X =256

19. Write out some terms to see the pattern.

4095 (n+l

;10g4 T

4095 1 4096

=lo g+lo §+lo i+ +lo +1lo
B4 0By TIOB T T OB 04 T 984 4005

12 3 7 4094 4095
=log, 4096 =log, 4° =6

(2 3 4 4095 4096)
=log, . .

20. log,(10-3")=2-x
10-3* =3

.9
10-3"=%

let y=3" then y(10-y)=9=y’~10y+9=0=y=9o0ry=1. So x=2or x=0

21. By rules of graph translations.

10 1_210
22. Z2n=1+2+4+...+1024=1+2- =2047
1-2

n=0

23. (5 +57 ] =57 +2452 =25 4257 +2=47+2=49 Therefore 5" +5* =7

24. log, 18 = log, 3 -2 = 2log, 3+1= 21983 1 -5 1083 ¢ 100 3116k +1

log, 2 %
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25. 2% =225

2
2X'272 :32 '52 :32.(%j

xlog2 = 210g3+2(10g10—10g2)+ 2log2 =

y = 2log3+2 2-.4771
log?2 3010

=9.81462

26. 27 -3(2%)=5"?—-9(5)

2%.27-3.2"=5Y.52-9.5
227 -3)=5"(5*-9)

2log3+2

2"(125)=5"(16)=>2" -5 =5 -2*=>y =3 and x =4

27. 3(4x* —9)=(4x> 9>
3(4x? —9)-(4x* —9f** =0
(4x* —9)3-€>*)=0

x=i3 or X=9-1n3

2

28. f(g (X))= 410gz(2'°525) — 4lon5 _ H2log5 _ 52 _ 05

X) _logx*  2logx _y
log X logx  logX

x=4f(x) = f(x)=x
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30. S, =a+ar+ar’*+ar’+ar*+ar’ +ar® by definition of a geometric series.
7 y g

We know a+ar =20=>(1+r)= 29 and ar®+ar® = —g = ar’(l+r)= —g. By substitution,
a

ars(ﬁj _2 =r’= _ S =r= —% and a =40. Now we can use the formula for a

a 8 160

7
40-40-| ——
S

geometric series. =
1 8
I -
)
Bonus: §= x> — x> +x* —... If we divide both sides of the equation by x*> we get
R
3x
=)=
o 1-(=x) x+1
1 1 1 . .
SO — =——=3X=X+1=X=—. X=0 is the trivial case.
33X x+1 2
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